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Abstract. We prove that solutions to the minimal surface equation over un-
bounded simply connected domains and having boundary values 0 have at most
exponential growth.

Keywords: minimal surface, harmonic mapping, asymptotics
MSC: 49Q05

1. Introduction

Let D be an unbounded plane domain. In this paper we consider the boundary value
problem for the minimal surface equation

(1.1)

div
∇u√

1 + |∇u|2
= 0 and u > 0 in D

u = 0 on ∂D

The positivity assumption on u is for convenience; for the growth of |u(z)|, the sets
where u > 0 and u < 0 can be dealt with separately since there can be at most three
such component solutions [10].

We shall use complex notation and study the constraints on growth of nontrivial
solutions to (1.1) as determined by the maximum

M(r, u) = max u(z),

where the max is taken over the values |z| = r with z ∈ D.

Theorem 1. Let D be a simply connected domain and u satisfy (1.1). With M(r, u)
as defined above, there exists a constant C > 0 such that for sufficiently large r,

(1.2) M(r, u) ≤ eCr.

Here and elsewhere, the constants C with or without subscripts may depend upon u.
We may simplify D by replacing u by u − c in the set u > c so that the boundary
can made real analytic. In fact, since by [10] there can be at most 3 disjoint domains
corresponding to solutions to (1.1), then for c large enough we may assume that the
boundary of D is a single smooth unbounded Jordan arc.

1



2 ALLEN WEITSMAN

Theorem 1 was conjectured in [13] where (1.2) was proved proved for domains con-
tained in a half plane. The upper half of the horizontal catenoid can be used to show
that this is sharp. Further observations with the catenoid were made in [4] and [5].

Earlier we also obtained lower bounds.

Theorem A. [6] [16] Let u be as in (1.1). Then u has at least logarithmic growth.
If D is simply connected, then

lim inf
r→∞

logM(r, u)

log r
≥ 1/2.

There are a number of results regarding the growth constraints of solutions to (1.1)
with restrictions on the geometry of D. Prototypes for these are given in [6, pp.
3390-3393]

Theorem B. [13] Let u be as in (1.1) with D a simply connected domain contained
in a half plane. Then

M(r, u) ≥ Cr

for some constant C > 0 and r sufficiently large.

Theorem C.. [14] Let u be as in (1.1) with D a simply connected domain bounded
by a Jordan arc, and containing a sector {z : | arg z| < λ/2} with π < λ < 2π. Then

lim sup
r→∞

logM(r, u)

log r
≤ π/λ.

In contrast with Theorem C we have

Theorem D. [12]. Let u be as in (1.1) with D simply connected, and let Θ(r) be the
angular measure of the set D ∩ {|z| = r}. If lim sup

r→∞
Θ(r) = λ ≥ π then

lim sup
r→∞

logM(r, u)

log r
≥ π/λ.

2. Isothermal Coordinates

We shall make use of the parametrization of the surface given by u in isothermal
coordinates using Weierstrass functions (x(ζ), y(ζ), U(ζ)) with ζ in the right half
plane H. Our notation will then be given by

(2.1) f(ζ) = x(ζ) + iy(ζ) ζ = σ + iτ = ρeiφ ∈ H.

Then f(ζ) is univalent and harmonic, and since D is simply connected it can be
written in the form

(2.2) f(ζ) = h(ζ) + g(ζ)

where h(ζ) and g(ζ) are analytic in H and

(2.3) |h′(ζ)| > |g′(ζ)|.
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We dismiss the trivial case g′ ≡ 0 so that

(2.4) U(ζ) = ± 2ℜe i
∫ √

h′(ζ)g′(ζ) dζ.

(cf. [2, §10.2]).
Now, z = f(ζ), u(f(ζ)) = U(ζ) and U(ζ) is harmonic and positive in H and vanishes
on ∂H. Thus, (cf. [11, p. 151]),

(2.5) U(ζ) = C ℜe ζ,
where C is a positive constant. Then, (2.5) with (2.4) gives

g′(ζ) = − C

h′(ζ)
.

By rescaling we may assume that

(2.6) f(0) = 0 U(ζ) = 2ℜeζ g′(ζ) = −1/h′(ζ)

and then the analytic dilatation a(ζ) satisfies

(2.7) a(ζ) = g′(ζ)/h′(ζ) = −1/h′(ζ)2.

Furthermore, from (2.3) we have, in particular, that

(2.8) |h′(ζ)| = 1/|g′(ζ)| > 1.

We shall also need the conjugate function, given in D by (e.g. ([8, p. 62])

(2.9) v(z) =

∫
− uy√

1 + |∇u|2
dx+

ux√
1 + |∇u|2

dy.

As in (2.5), in the parameter half plane H we may take this as

(2.10) V (ζ) = 2ℑmζ.

3. Preliminaries

Lemma 1. With h(ζ) as in (2.2) and (2.8),

(3.1) log |h′(ζ)| = σ

π

∫ ∞

−∞

log |h′(is)|ds
|(ζ − is|2

ζ ∈ H.

Proof. Since by (2.8) log |h′| is a positive harmonic function in H it can be repre-
sented (cf. [11, p. 149])

log |h′(ζ)| = σ

π

∫ ∞

−∞

log |h′(is)|ds
|(ζ − is|2

+ cx c ≥ 0.
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Furthermore, by [11, Theorem IV. 19.], log h′(ζ)/ζ → c and h′′(ζ)/h′(ζ) → c in any
proper subsector of H.. By [14, Lemma 2] it follows that c = 0.

□

For 0 < α < π/2, let

Sα = {ζ : −α ≤ arg ζ ≤ α}.

It follows from (3.1) that there exists k > 0 depending on u such that for ζ sufficiently
large,

log |h′(ζ)| > k/|ζ| ζ ∈ Sπ/4,

so that

(3.2) |h′(ζ)| > exp(k/|ζ|) > 1 + k/|ζ| ζ ∈ Sπ/4.

Now, referring to the language of univalent harmonic mappings in the unit disk U
as in [2], we can say [2, pp.78-79] that for an arbitrary point ζ0 ∈ Sπ/4 and
f0(ζ) = f(ζ)− f(ζ0),

(3.3) F1(z) =
f0(ηz + ζ0)

ηh′(ζ0)
∈ SH (η = |ζ0|/20, z ∈ U)

and

(3.4) F2(z) =

(
F1(z) +

1

|h′(ζ0)|2
F1(z)

)(
1− 1

|h′(ζ0|4

)−1

∈ S0
H (z ∈ U).

4. A Theorem of Clunie and Sheil-Small

In this section, we shall apply the following lemma of J. Cunie and T. Sheil-Small
[2, p.95] to (3.4).

Theorem E. If F ∈ S0
H , then F (U) contains the disk {|w| < 1/16}.

From Theorem E we have

Lemma 2. Let u be as in Theorem 1, and f as in §2. Let ζ0 ∈ Sπ/4 be such that
(3.2) holds, w0 = f(ζ0), and η as in (3.3), Then there exists C > 0 such that the
image of the disk |ζ − ζ0| < η covers the disk |w − w0| < C.

Proof. With ζ = ηeiφ in (3.3) and (3.4),

f(ζ)− w0

ηh′(ζ0)
+

f(ζ)− w0)

|h′(ζ0)|2ηh′(ζ0)
=

f(ηeiφ + ζ0)− f(ζ0)

ηh′(ζ0)
+

f(ηeiφ + ζ0)− f(ζ0)

|h′(ζ0)|2ηh′(ζ0)

= F2(e
iφ)

(
1− 1

|h′(ζ0|4

)
=

(
1− 1

|h′(ζ0|4

)
w

with |w| ≥ 1/16.
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Thus,

(4.1) f(ζ)− w0 = ηh′(ζ0)

(
1− 1

|h′(ζ0|4

)
w −

(
f(ζ)− w0)

h′(ζ0)2

)
Since η = |ζ0|/20, it follows from (3.2) that the magnitude of the first term on the
right side of(4.1) is bounded below by some constant C independent of ζ0 ∈ Sπ//4

and φ. This implies that there exists C1 > 0 such that |f(ζ1)− w0| > C1. Indeed, if
|f(ζ) − w0| were less than C/10, then the right hand side of (4.1) would be greater
than 9C/10 which is a contradiction. □

5. proof of the theorem

For our purposes we shall use the following consequence of Lemma 2. It follows from
Lemma 2 that for ζ ∈ Sπ/4 ∩ {ℜe ζ = σ0}, an increase of an amount C1 > 0 in the
value of |f(ζ)| can be achieved uniformly by an increase in |ζ| of at most η = σ0/20
in Sπ/4.

We begin with an an arc γ0 = {ℜe ζ = σ0} ∩ Sπ/4 and let Γ0 = f(γ0) with

r0 = min
z∈Γ0

|z|, R0 = max
z∈Γ0

|z|.

We now expand Γ0 outward by taking z → z(1 + C1/(2|z|)), and let Γ1 denote that
portion for which γ1 = f−1(Γ1) is in Sπ/4.

Since each point ζ in γ0 is the center of a disk centered at ζ and radius η = ζ/20 and
whose image covers a disk of radius C1, it follows that if γ1 = f−1(Γ1) and the union
of these disks centered on points of γ0 cover Γ1.

Thus,

(5.1) r1 = min
z∈Γ1

|z| ≥ r0 + C1/2 and R1 = max
z∈Γ1

|z| ≤ R0 + C1/2,

and

(5.2) max
ζ∈γ1

ℜe ζ < σ0(1 + 1/20).

If γ1 extends all the way across Sπ/4, then we take γ̃1 = γ1. Otherwise we extend Γ1

radially outward until its inverse under f hits ∂Sπ/4. We denote the extended. curve

by Γ̃1 and its preimage under f by γ̃1.

Now, (5.1) remains in force on Γ̃1. However, to estimate (5.2) we first recall by (2.9)
that the conjugate function v(z) has |∇v(z)| < 1 so that on the extension of Γ1 we
have

(5.3) |v(z)| < πR1 z ∈ Γ̃1\Γ1.
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In order to use this to estimate u(z) we observe that any endpoint ζ ′ of γ1 inside Sπ/4

is covered by a disk of radius |ζ ′′|/20 centered at an endpoint ζ ′′ of γ′′
0 , which is on

∂Sπ/4. It follows that γ1 extends across Sπ/8 so that on the extension

|v(z′)| > u(z′) tan(π/8) z ∈ Γ̃1\Γ1.

Combining this with (5.3) we have

u(z) < πR1 cot(π/8) z ∈ Γ̃1\Γ1.

Thus (5.2) becomes modified to

(5.4) max
ζ∈γ̃1

ℜe ζ < σ0(1 + 1/20).+ C3(R0 + C1/2)

where C3 = π cot(π/8).

We now repeat the process, expanding Γ̃1 again by z → z(1 +C1/(2|z|)), and letting
Γ2 denote that portion for which γ2 = f−1(Γ2) is in Sπ/4. W extend Γ2 and γ2 as
before if need be and have

(5.5) r2 = min
z∈Γ̃2

|z| ≥ r0 + C1 and R2 = max
z∈Γ̃2

|z| ≤ R0 + C1,

and

(5.6) max
ζ∈γ̃2

ℜe ζ < (σ0(1 + 1/20) + C3(R0 + C/2))(1 + 1/20) + C3(R0 + C1).

We continue this process obtaining sequences γ̃n and Γ̃n such that

(5.7) rn = min
z∈Γ̃n

|z| ≥ r0 + nC1/2,

(5.8) Rn = max
z∈Γ̃n

|z|. ≤ R0 + nC1/2,

and

(5.9)
max
ζ∈γ̃n

ℜe ζ < σ0(1 + 1/20)n +
n∑

k=1

C3(R0 + kC1/2)(1 + 1/20)n−k

< σ0(1 + 1/20)n(1 + C4n
2)

It now follows readily from (2.5), (5.7) and (5.9) that

(5.10) log u(z) ≤ C5|z|+ C6 log |z|. (z ∈ Γ̃n, n → ∞).

We must now extend this to the boundary of D. For this we take the two endpoints
zn,l and zn,r of Γ̃n and extend from Γ̃n on the circular arcs of radii |zn,l| and |zn,l|
respectively to the boundary of D. Let Γ′

n denote this augmented arc.

We again use the conjugate function to estimate u on the circular arcs. At the points
zn,l and zn,r we have u = |v|, and on the remainder of the circular arcs, u < |v|. Again,
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by (2.9) we. have |∇v(z)| < 1, so if zn represents either of these endpoints, then on the
circular arc from zn to ∂D, by (5.8) we have |v(z)| < exp(C5|zn|+C6 log |zn|)+π|zn|.
Putting this together with (5.8) and (5.10) we then have

(5.11) log u(z) ≤ C7|z| (z ∈ Γ′
n, n → ∞).

Given the ”density” of the sequence {rn} we may interpolate the values of r in between
giving (1.1). □
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